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ABSTRACT
Controlled by an electric field, the interaction of two coupled TE-modes
at thedynamicgrating in aplanarwaveguidewith a thin layer of nematic
liquid crystal has been studied theoretically. The dynamic grating is
inducedby an external electric field due to the periodicity of the anchor-
ing energy of nematic with waveguide surface. Metal and dielectric
waveguides have been studied. The transmission of TE-modes and its
reflection from the periodic structure of the nematic layer have been
investigated. The intensity of a signal-mode at the output of thewaveg-
uide has been calculated. Thedependence of intensity on the anchoring
energy amplitude and modulation period, dimensions of the nematic
layer and an external electric field has been analyzed. It was shown that
the frequency interval of a TE-mode reflection expands with increasing
of the electric field. The primary maximum of the reflected mode inten-
sity, as function of the nematic layer length, increases monotonously
with growing s number of anchoring energy periods placed on the layer
length. The primary peak reaches the largest value of 1 for s ∼ 10 ÷ 100
(metal waveguide) and for s ∼ 1000 (dielectric waveguide). The same
dependence for the signal-mode, which propagates through the NLC
layer, has nonmonotonous form and a complete energy exchange is
reached only for certain values of s and the length of the nematic layer.

Introduction

Over the last decades, the wide application of liquid crystals (LCs) in display technologies
and high-tech electronic optical devices has evoked much interest to the processes of elec-
tromagnetic wave propagation in the liquid crystal cells, especially in nematic liquid crystals
(NLCs) and NLC waveguides. In particular, the peculiarities of propagation and interaction
of light beam modes in waveguides fully or partially filled with nematic liquid crystal (NLC)
were studied in [1–8]. Functioning of wide range of integrated optical devices, such as
optical filters and mode converters, distributed feedback lasers, frequency-selective optical
couplers, Bragg reflection waveguides, are based on the interaction of electromagnetic waves
and their modes in spatially periodic dielectric medium. Using easy-created by external
electric/magnetic fields dynamic director grating makes the interaction of electromagnetic
waves controllable and, therefore, proposes more opportunities for technological application
of LC in the integrated optical devices. In particular, authors in [9] have experimentally
investigated the energy exchange between TM-modes of the electromagnetic wave on the
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director inhomogeneity, which is induced by the propagated wave, in the plane waveguide
filled with NLCwith a hybrid director orientation. The energy exchange between electromag-
netic waves at director gratings which was induced by photorefraction in photoconducting
LCs [10–12] and in LCs bounded by photorefractive polymer substrates [13–15] was studied
as well. Also, the two-beam energy exchange was studied at director grating in hybrid cells of
NLC with photorefractive substrates [16,17]. The interaction between coupled electromag-
netic waves at a director grating induced by a change in potential difference was investigated
in [18]. Such interaction was studied at a director grating induced by external light field
[19] in a cell of NLC with photorefractive substrates. The theoretical model of a controllable
by an electric field Bragg resonator, which is based on metal waveguide filled with NLC, is
represented in [20].

The aim of our work is to study theoretically the energy exchange between two coupled
modes of electromagnetic TE-waves at the director grating in a planar dielectric and metal
waveguides with an NLC layer bounded in the direction of wave propagation. The grating is
induced by an external low-frequency electric field due to periodicity of the NLC anchoring
energy at the waveguide surface. The transmission and reflection of electromagnetic waves
in the NLC layer of both dielectric and metal waveguides have been studied. Using the cou-
pled modes approximation the intensity of a signal TE-mode at the output of the waveguide
has been calculated and its dependence on the NLC layer parameters, the anchoring energy
parameters and an external electric field has been investigated. The frequency interval of TE-
mode reflection in the waveguide has been found, its dependence on an external electric field
has been studied. The conditions for maximum signal-mode intensity in cases of reflection
and transmission of an electromagneticTE-mode through theNLC layer has been established.
The results of the investigation could be taken in account in development and construction
of new integrated optical devices.

Problem formulation and general equations used for its solution

We assume that an infinite planar waveguide is restricted by the same dielectric media in the
region |z| ≤ L/2. In the region 0 ≤ y ≤ D the waveguide is filled with NLC whose director
initially has a uniform orientation along Ox axis. The NLC layer length D is assumed to be
much greater than its thickness L. Thewaveguide is placed in an external uniform electric field
whose intensity vector E0 is directed alongOz axis (see Fig. 1). The surface azimuthal anchor-
ing energy of NLC is assumed to be infinitely large when the director is reoriented in the
plane xOy. The polar anchoring energy induced by the director deviation in the plane xOz is
assumed to be a periodic function of y and is taken in the formW (y) = W0 +Vcos (2πy/d),
where 0 ≤ V ≤ W0. There exist different techniques for creating a spatially periodic NLC
anchoring energy. In [21] linearly polarized light, which had passed through a periodic pho-
tomask, was incident on the surface treated with photopolymer. The spatial period of anchor-
ing energy in that experiment was d ∼ 1 ÷ 10μm. The anchoring energy can also be changed
by varying the thickness of photopolymer [22] or by using a nanostructural alignment
layer [23].

Flexopolarization is assumed to be absent and Frank-elastic constants we set to be
equal(one constant approximation). For given geometry the Freedericksz transition, as shown
in [24,25], takes xz-place. The geometry is assumed to be uniform alongOx axis. Accordingly,
the director can be described as

n = ex · cos θ
(
y, z

)+ ez · sin θ
(
y, z

)
, (1)
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Figure . The geometry of the problem: D – the length of NLC layer, L – the waveguide thickness, n – the
director of NLC, θ (z, y) – the angle of the NLC director n deviation out of its initial homogeneous direction
n0, E0 - the low-frequency external electric field,k – thewave vector and E – an electric field of the TE-wave,
W (y) = W0 + Vcos(2πy/D) – the polar azimuthal anchoring energy of NLC.

where θ (y, z) is the angle of deviation from the initially uniform director orientation along
Ox axis, and ex and ez are the unit vectors of Cartesian coordinate system.

The free energy of NLC can be written as follows:

F = Fel + FE + FS,

Fel = 1
2

∫
V

{
K1(div n )

2 + K2(n · rotn )2 + K3[n × rotn ]2
}
dV,

FE = − ε0a

8π

∫
V

(nE )2 dV,

FS = −1
2

∫
S
W
(
y
)
(ne)2 dS. (2)

Here, Fel is the Frank elastic energy, FE is anisotropic contribution to the free energy made
by the electric field, FS is the surface free energy taken in the form that generalizes Rapini’s
potential [26] for the case of non-uniform anchoring energy, K1, K2, K3- Frank elastic con-
stants, ε0a = ε0‖ − ε0⊥ > 0 is the anisotropy of low-frequenc permittivity, e is the unit vector
of director easy-orientation axis at the waveguide surface (e ‖ Ox).

Minimizing the free energy (2) with respect to the angle θ by which the director n (1)
deviates, in the one constant approximation K1 = K2 = K3 = K we obtain the following
equation:

∂2θ

∂y2
+ ∂2θ

∂z2
+ ε0aE2

z

4πK
sin θ cos θ = 0 (3)

and boundary conditions[
±K

∂θ

∂z
+
(
W0 +Vcos

2πy
d

)
sin θcos θ

]
z = ±L/2

= 0. (4)
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Figure . The dependence of the director deviation angle θ on the y at z = 0. L/d = . (), . (), .
(), . (), . ().

The equation for the director (3) and boundary conditions (4) should be considered
together with Maxwell’s equations for the electric field E in the volume of NLC. We neglect
the boundary effects at NLC side surfaces and assume the angle θ to be a periodic function of
y: θ (y + D, z) = θ (y, z). Then the solution of the equation (3) could be found in the form
of Fourier expansion in y.

Now we restrict ourselves to the case in which the number of anchoring energy periods
d per NLC layer length D is an integer, i.e., the ratio s = D/d is integer. If the electric field
intensityE0 exceeds the Freedericksz transition threshold then a spatially periodic structure of
nematic director is formed in theNLC layer alongOy axis. This grating appears due to period-
icity of NLC surface anchoring energy in y. The period of the grating is equal to the period of
the anchoring energy [24,25]. Therefore, when the intensity E0 exceeds the threshold E0th by a
small value (parameter θm � 1) in case the anchoring energy is large (ξ = W0 L/K � 1) but
slightly nonuniform, i.e., the anchoring energy modulation amplitude v � ξL2/d2, the angle
of nematic director deviation (1) can be described by expression [27]:

θ
(
y, z

) = θm cos (pz) − v pLθm
ξ cos λs

cos
2λsz
L

cos
2πy
d

. (5)

In this expression E0th = 2μ
π

E∞(1 − v2

ξ
), E∞ = π

L

√
4πK
ε0a

is the Freedericksz transition
threshold for the case of uniform infinite anchoring energy, μ is the smallest positive root of
equationμ tan μ = ξ

2 , θm =
√

4
γ (

E0
E0th

−1) , v = V
W0

, γ = 1 + 3ε0a
ε0⊥
, λs = πL

√
p2

4π2
− s2

D2
, p = πE0

LE∞ .
The overthreshold spatial distribution of director in the middle of the NLC cell calculated

by formula (5) for several values of L/d-ratio at the electric field values E0 = 1.05E0th and
ξ = 100, v = 0.1 is presented in Fig. 2. The general case of arbitrary values for param-
eter s and constituent part ξ of the anchoring energy has been comprehensively studied
in [27].

We will assume now that in the waveguide with NLC layer whose director spatial distribu-
tion is described by expression (5), an electromagnetic TE-wave with frequency ω, which is
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polarized along Ox, propagates along the positive direction of the axis Oy (see Fig. 1). The
intensity I of TE-wave is assumed to be so small that it does not change the spatial dis-
tribution of NLC director, I � c√ε‖π2K

2εaL2
. Here εa = ε‖ − ε⊥, ε‖, ε⊥- anisotropy of permit-

tivity and eigenvalues of the electric permittivity tensor for homogeneous NLC at the fre-
quency of an electromagnetic wave, respectively. Using NLC layer parameters L = 10 μm,
K = 10 dyn, ε‖ = 2.9, εa = 0.5 [28], which are near to typical ones, we obtain the crite-
rion I � 5 · 104 W/cm2. We will further neglect the absorption of TE wave in both the NLC
itself and surrounding dielectric medium, as well as the scattering of TE-wave by the director
thermal fluctuations. The electric field E = (Ex, 0,Ez) of TE-wave in the bulk of NLC can
be found from equation

∇ divE − 
E − ω2

c2
ε̂E = 0. (6)

Here the NLC permittivity tensor ε̂, given with the accuracy to the small terms of the order
of θ 2

m, is a function modulated in the y-direction:

ε̂
(
y, z

) = ε̂0 (z) + 
ε̂ (z) cos
2πy
d

,

ε̂0 (z) =

⎛
⎜⎝

ε‖ − εaθ
2
mcos2pz 0 εaθmcos pz
0 ε⊥ 0

εaθmcos pz 0 ε⊥ + εaθ
2
mcos2pz

⎞
⎟⎠ ,


ε̂ (z) = −εav pLθm
ξ cos λs

cos
2λsz
L

⎛
⎝−2θmcos pz 0 1

0 0 0
1 0 2θmcos pz

⎞
⎠ . (7)

Normal modes of dielectric waveguide

First we will find normal TE-modes in the waveguide with permittivity tensor ε̂0(z) which is
independent of y. We find the solution of equation (6) in the form

E
(
y, z

) = eiky E (z) . (8)

The unknown amplitude E(z) of the electric field of a TE-wave will be further designated
as A(z) inside (|z| ≤ L/2) and B(z) outside (|z| > L/2) the NLC layer.

Now we consider the propagation of a TE-wave in the NLC layer, |z| ≤ L/2. We assume
the component Ez of the electric field of a TE-wave to be a quantity of the same order as θm.
Then, using the approximation L � λ in (6), the following system of differential equations
is obtained for the components Ax(z) and Az(z) of electric field amplitude in NLC with the
accuracy as high as the small terms of the order of θ 2

m

A′′
x + (

k2‖ − k2
)
Ax = −k2aθmAzcos pz + k2aθ

2
mAxcos2pz,

A′′
z + (

k2⊥ − k2
)
Az = −k2aθmAxcos pz, (9)

where k‖ = ω

c
√

ε‖, k⊥ = ω

c
√

ε⊥, ka = ω

c
√

εa. Here and further on, the derivatives of A(z) with
respect to argument z are denoted by primes.

Taking into account Maxwell’s equations and the form (8) of a TE-wave electric field, we
reduce the boundary conditions for the electric field on the NLC surface z = ±L/2 to the
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conditions for the amplitude A(z):

[±A′
x + κAx ]z = ±L/2 = 0,[

εaθmcos (pz)Ax + (ε⊥ − εd )Az
]
z = ±L/2 = 0, (10)

where εd is the permittivity of medium surrounding NLC.
The electric field amplitude A(z) (and B(z) analogously) and the wave number k of a TE-

wave (8) are found in the form of expansions in small parameter θm:

Ax (z) = A0x (z) + A1x (z) θm + A2x (z) θ 2
m + o

(
θ 2
m

)
,

Az (z) = A1z (z) θm + A2z (z) θ 2
m + o

(
θ 2
m

)
,

k = k0 + k1θm + k2θ 2
m + o

(
θ 2
m

)
. (11)

Now we write the equations (9) and the boundary conditions (10) taking into account the
expansions (11) with the accuracy up to the small terms of the order of θ 2

m. Assuming the coef-
ficient at appropriate orders of θm to equal zero, we derive the following differential equations
and corresponding boundary conditions from which the unknown functions A0x(z), A1x(z),
A2x(z), A1z(z), A2z(z) as well as unknown parameters k0, k1, k2 could be determined:

A′′
0x + α2 A0x = 0,

[±A′
0x + κ0A0x ]z = ±L/2 = 0, (12)

A′′
1x − 2k1k0A0x + α2 A1x = 0,[
±A′

1x + κ0A1x + k0k1
κ0

A0x

]
z = ±L/2

= 0, (13)

A′′
2x + α2 A2x = 2k2k0A0x − k2aA1zcos pz + k2aA0xcos2pz,[
±A′

2x + κ0A2x + k0k2
κ0

A0x

]
z= ±L/2

= 0, (14)

A′′
1z + β2 A1z = −k2aA0xcos pz,

[(ε⊥ − εd )A1z + εaA0xcos pz ]z = ±L/2 = 0, (15)

A′′
2z + β2 A2z = 2k1k0A1z − k2aA1xA0xcos pz,

[(ε⊥ − εd )A2z + εaA1xcos pz ]z = ±L/2 = 0. (16)

Here α =√
k2‖−k20 , β =√

k2⊥−k20 , κ0 =√
k20−ω2εd/c2 .

The solution of system (12) is represented by the two sets of functions

A(n)
0x (z) = a(n)

± f± (αnz) , αn =
√
k2‖ − k(n)2

0 , (17)

where a(n)
± are constants, n = 1, 2, 3, . . . ,N is the mode number of a TE-wave. Here and

further in the work the sign “+” corresponds to the mode numbers n = 2, 4, 6, . . . and
function f+(x) = cos x , and the sign “−” — to numbers n = 1, 3, 5, . . . and function
f−(x) = sin x . The values of k(n)

0 lie in the interval ω√
εd/c ≤ k(n)

0 ≤ k⊥ and denote the roots
of equations αsin (αL/2) = κ0 cos (αL/2) and αcos (αL2) = −κ0sin (αL/2) for odd and
even n numbers respectively.

In equation (6) we assume ε̂ = εd 1̂ in the medium surrounding NLC (|z| > L/2). Using
the boundary conditions for the electric field at the NLC surface z = ±L/2, the electric
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field amplitude of a TE-wave in zero approximation with respect to θm can be expressed in the
following form

B0x (z) = eκ0n(L/2−|z|)
{
a(n)

+ cos (αnL/2),
sign (z) a(n)

− sin (αnL/2),
(18)

where κ0n =√
k(n)2
0 −ω2εd/c2 , n = 1, 2, 3, . . . ,N.

Taking into account (17), we obtain the following solution from systems (13) and (16)

A(n)
1x (z) = 0, k(n)

1 = 0, A(n)
2z (z) = 0, where n = 1, 2, 3, . . . ,N. (19)

Now the system (15) has the following solution

A(n)
1z (z) = a(n)

±
[
r±n f± (βnz) + q+n f±

((
p+ αn

)
z
)+ q−n f±

((
p− αn

)
z
)]

, (20)

where, as follows from the boundary conditions,

r±n = 1
2 f± (βnL/2)

[(
εa

εd − ε⊥
− 2q+n

)
f±
((
p+ αn

)
L/2

)

+
(

εa

εd − ε⊥
− 2q−n

)
f±
((
p− αn

)
L/2

)]
,

q±n = 1
2

k2a
(p± αn)

2 − β2
n
, βn =

√
k2⊥ − k(n)2

0 .

Substituting the expressions for A(n)
0x (z) and A(n)

1z (z) into the system (14), we find the func-
tion A(n)

2x (z) and parameter k(n)
2 , which are not given here because they take too much space.

The unknown components of a TE-wave amplitude B(z) in the dielectric medium outside
NLC layer are found in a similar way.

Assuming the intensity of the energy flow along Oy axis (per unit length along Ox) to be
1 W, we find the unknown coefficients a(n)

± in (17) with the accuracy up to the small terms of
the order of θ 2

m:

a(n)
± = 4

c

√
πω

k0n
(
L ± sinαnL

(
1/αn + αn/κ

2
0n
)) . (21)

Thus, the normal TE-modes in the dielectric waveguide with a NLC layer are the
following

E(n)
(
y, z

) = E(n) (z) eik
(n)y, n = 1, 2, 3, . . . ,N. (22)

The mode amplitudes E(n)(z) = (E(n)
0x (z) + E(n)

2x (z)θ 2
m, 0, E(n)

1z (z)θm) as well as the wave
number k(n) = k(n)

0 + k(n)
2 θ 2

m are determined by the above formulas (17)–(21), where E(n) is
denoted by A(n) and B(n) inside and outside the NLC layer respectively.

The system of equations for coupledmodes

We will express the electric field of a TE-wave in the dielectric waveguide containing a NLC
layer with permittivity tensor ε̂(y, z) (7) as a superposition of normal modes E(n)(y, z) (22):

E
(
y, z

) =
N∑

n=1

Cn
(
y
)
E(n) (z) eik

(n)y. (23)
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The coefficients Cn(y) are assumed to be smoothly varying functions at the scale 1/k(n).
Substituting the solution (23) into the equation (6), which is written in approximation L � λ,
we obtain the system of equations for determining the unknown mode amplitudesCn.

C′
n = i

∣∣k(n)
∣∣

k(n)

N∑
l=1

κnlCl

[
ei
(
k(l)−k(n)+ 2π

d

)
y + ei

(
k(l)−k(n)− 2π

d

)
y
]

, n = 1,N . (24)

Here the mode coupling coefficient

κnl = εavωE0θ
2
m

32ξE∞ cos λs

∫ L/2

−L/2

[
2A(n)

0x (z)A(l)
0x (z) cos pz

−A(l)
0x (z)A(n)

1z (z) − A(n)
0x (z)A(l)

1z (z)
]
cos (2λsz/L) dz (25)

depends on the NLC layer parameters and linear dimensions D and L, external electric field
E0, constant component W0 and anchoring energy modulation amplitude V as well as the
number s (via parameter λs) of anchoring energy periods d per NLC length D.

Now we assume the phase-matching condition that is independent of anchoring energy
parameters to hold for two modes: number n and l


 = k(l) − k(n) − 2π/d � 2π/d. (26)

In this case the system (24) acquires the form of Kogelnik’s coupled wave equations [29,30]
with respect to the amplitudes of these two modes:{

C′
n = i sign

(
k(n)

)
κnlClei
y,

C′
l = i sign

(
k(l)

)
κnlCne−i
y.

(27)

Modes transmission through the NLC layer

Wewill consider twomodes, number n and l, propagating in positive direction alongOy axis.
We assume these two modes to satisfy the phase-matching condition (26). The mode with
number n is assumed to be a signal-mode whose amplitude at NLC layer boundary y = 0 is
taken to beCn(0) = 0. The mode with number l is the mode of pumping, which satisfies the
condition Cl(0) = 1. From the system (27) we find the intensity of the signal-mode at the
output of NLC layer in the following form (similar to that in [30]):

I = |Cn (D) |2 = κ
2
nl

κ
2
nl + (
/2)2

sin2
(√

κ
2
nl + (
/2)2D

)
, (28)

where κnl and 
 are expressed by formulas (25) and (26) accordingly.
The signal-mode intensity I dependence on the values of D/L-ratio for several values of

external electric field E0 that was calculated by formula (28) in presented in Fig. 3(a). The
calculation was performed taking the typical values of the following parameters: elastic con-
stant K = 10−6 dyn, waveguide thickness L = 10 μm, constant component of anchoring
energy W0 = 0.06 erg/cm2 (ξ = W0 L/K = 60) and the anchoring energy modulation
amplitude v = V/W0 = 0.1. Dielectric constants of NLC were taken for 5CB at the wave-
length λ = 615 nm, and permittivity of the surrounding dielectric medium εd = 2.1. The
calculations were performed for modes n = 1 and l = 3, which are the best to meet the
phase-matching condition (26) for the given values of above parameters. The dependence of
signal-mode intensity I on the length of NLC layer D displays the primary maximum and a
number of secondary maxima. The signal-mode intensity I is the largest when D/L = D̃0 ,
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Figure . The intensity I of the signal – mode (n = 1), where the propagation director is parallel to the
pumping mode (l = 3), vs. the length of NLC layer D at ξ = 60, v = 0.1, ωL/c = 102.(a) s = D/d =
100. E0/ E0th= . (), . (), . (), . (); (b) E0/ E0th = 1.01. s=  (),  (),  (),  (), 
().

which is provided by condition 
 = 0 (see (26)), and equals

Imax = I
(
D̃0

)
= sin2

[
D̃0τ

(
D̃0

)]
. (29)

Here

τ (x) = σεaω
2L2v

γ c2ξ

(
E0

E0th
− 1

)
E0

E0th
cosh−1

(
π

√
(s/x)2 − 1/4

)
. (30)

In (30) σ is the constant which depends on the wave frequency and mode numbers. For
the above values of the parameters σ ≈ −0.019.

As seen from Fig. 3(a), the primarymaximum of the function I(D/L) increases with grow-
ing electric field E0, and its position (corresponding to D/L = D̃0 ≈ 183.7) remains prac-
tically the same. The growth of Imax with the increase of E0 is due to the increase in direc-
tor grating amplitude (see (5)) and, as a consequence, due to the growth of mode coupling
coefficient κnl .

The dependence of signal-mode intensity I on the value of D/L-ratio for fixed external
electric field E0 but for different numbers of anchoring energy periods s per NLC length is
presented in Fig. 3(b). When the number s of periods increases, the primary maximum Imax

of I(D) shifts steadily towards larger values ofD showing, however, non-monotonous change
inmagnitude in the range from0 to 1 (according to (29)). The values of the primarymaximum
Imax and corresponding values of D/L- ratio that were calculated as a function of integer s for
fixed values of electric field E0 and anchoring energy parameters ξ and v are given in Fig. 4(a).

When the amplitude v grows, the primary maximum Imax of I(D) increases monotonously
whereas its position remains the same.

The calculated dependence of signal-mode intensity I on the magnitude of external elec-
tric field E0 for different values of amplitude v is presented in Fig. 5(a). As seen from the fig-
ure, with the increase in E0/E0th-ratio the intensity I oscillates with a growing amplitude and
rapidly, only after a few oscillations, reaches the largest possible value of 1. As the amplitude
v grows, the local maxima of I(E0/E0th) are shifted towards smaller values of E0/E0th-ratio
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Figure . The primary maximum Imax(•1) of the signal n – mode, which passes through the NLC layer (a)
and reflects from it (b), and corresponding values of D/L – ratio (◦2) as functions of integer s at ξ = 60,
v = 0.1. (a) n = 1, l = 3, E0/ E0th = 1.01; (b) n = l = 1, E0/ E0th = 1.015.

without changes in magnitude. The fact that local maxima are independent of v is accounted
for by that the director grating amplitude (and, as a result, the coefficient of coupling between
the modes) is not determined by the value of the threshold E0th itself (which, according to (5),
directly depends on v) but, instead, by the excess of the threshold value, (E0 − E0th)/E0th.

Modes reflection in the NLC layer

Now we consider two modes n and l which propagate in opposite directions. We assume
the amplitudes of signal n-mode and l-mode of pumping satisfy the conditionsCn(D) = 0,
Cl (0) = 1 at NLC layer boundaries y = 0,D. The signal-mode intensity at the output of the

Figure . The intensity I of the signal n – mode, which passes through the NLC layer (a) and reflects from it
(b), vs. external electric field E0 at ξ = 60. (a) n = 1, l = 3, D/L = 180, s = 100. v = . (), . (),
. (); (b) n = l = 1, D/L = 156.9, s = 1000. v = . (), . (), . ().
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NLC layer, which has been found from equations (27), is expressed as in [30]

I = |Cn (0) |2 = κ
2
nlsinh

2
ηnlD

η2
nlcosh

2
ηnlD + (
/2)2sinh2ηnlD

, (31)

where ηnl =√
κ
2
nl−(
/2)2 , κnl , 
 are given by formulas (25) and (26), respectively.

Let’s take the same numbers of the considered modes. In that case we have the mode with
a propagation constant k(n) and the mode, reflected from the periodic structure of the NLC
layer, with a propagation constant—k(n). Thus, formula (31) determines the intensity I of the
reflected n-mode at theNLC layer boundary y = 0 (reflectance). For all the values of external
electric field E0, the dependence of the signal-mode intensity I on NLC layer lengthD is qual-
itatively analogous to the case of parallel modes (see Fig. 3a): it has the primary and a number
of secondarymaxima. The primarymaximum of the signal-mode intensity I is attained when
the phase-matching condition (26) is satisfied atD/L = D̃c0 . This has been found to equal

Icmax = tanh2
[
D̃c0τc

(
D̃c0

)]
, (32)

where the function τc(x) is obtained from τ (x), by assuming σ to be approximately equal
1.163 × 108 and function cosh−1

(π
√

(s/x)2−1/4) to be substituted by cosh−1
(πs/x).

As in the case of transmitted modes, as the value of s grows, the primary maximum posi-
tion D̃c0 is shifted almost linearly towards greater values of D/L-ratio. However, with the
increase in both the number s and anchoring energy modulation amplitude v the magnitude
of the intensity primarymaximum Imax, according to (32), increasesmonotonously approach-
ing the maximum value Imax = 1. The values of the primary maximum Imax and respective
D/L-ratio calculated as a function of integer s with the fixed values of external electric field
and anchoring energy parameters are given in Fig. 4(b). The calculations were performed for
the modes with n = l = 1 at the wavelength λ = 3785 nm (ωL/c = 16.6) which are
the best to meet the phase-matching condition (26). The electric constants for NLC 5CB at
the specified wavelength were taken from [31–33]. As seen from the figure, the intensity pri-
mary maximum Imax reaches the maximum value Imax = 1 for s >∼ 1500.

Unlike the case of transmitted modes, the dependence of reflected mode intensity I on the
value of the ratio E0/E0th, at the fixed values of the amplitude v , has a qualitatively different
character, i.e., it grows monotonously from 0 to 1 (see Fig. 5b). As the amplitude v increases,
the maximum value of reflectedmode intensity I = 1 is reached at smaller values of the ratio
E0/E0th.

The dependencies of the cutoff frequenciesω1 andω2 of theTE-mode reflection interval on
an electric field E0 are shown on Fig. 6. In the interval ω1 < ω < ω2 TE-modes reflects from
the periodic structure of NLC. TE-modes with frequencyω ≤ ω1 orω ≥ ω2 pass through the
NLC layer. As seen from the figure, frequency interval of a TE-mode reflection expands with
increasing of an external electric field.

Metal waveguide

Modes transmission through thewaveguide

Now we consider an infinitely long planar waveguide with a NLC layer, which is restricted
by ideal metal surfaces. The absorption of an electromagnetic TE-wave in both the NLC and
metal surfaces bounding the NLC is neglected. The problem is solved analogously to the case
of dielectric waveguide, if we take into account the boundary conditions for electromagnetic
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Figure . The dependencies of the cutoff frequencies ω1 and ω2 of the TE-mode reflection interval ω1 <

ω < ω2 on an electric field. ω0L/c = 16.6141 - dimensionless resonant frequency, ξ = 60, s = 1500,
D/L = 235, v = 0.1.

field at the metal surface instead of (10). On this condition, the expansion (23) for the electric
field of aTE-wave inNLC layerwill have an infinite number of addends. The intensity of signal
n-mode, which is parallel to the pumping l-mode, at the output of NLC layer is expressed by
formula (28). The mode coupling coefficientκnl in this formula is expressed as in (25), where
the signs of the two last addends in the subintegral expression have to be changed into their
opposites. As previously, the coefficient depends on the length D and the thickness L of the
nematic layer, themagnitude of an external electric field E0, the anchoring energymodulation
amplitude v and the number s of periods of anchoring energy modulation per the length of
theNLC layer. The signal-mode intensity I calculated vs. NLC layer lengthD for fixed external
electric field E0 has turned out to be qualitatively analogous to that for dielectric waveguide
given in Fig. 3(a). For D/L-ratio

D̃0 = 2s

∣∣∣∣∣∣
√(

ωL
πc

)2

ε‖ − l2 −
√(

ωL
πc

)2

ε‖ − n2

∣∣∣∣∣∣
−1

, (33)

corresponding to condition 
 = 0 (see (26)), the signal-mode intensity I has a local maxi-
mum whose value is given by expression (29) with the function

τ (x) = −
σεaωLv

γ cξ

(
E0
E0th

− 1
) (

1 − 2
ξ

)
2
( s
x

)2 + 1 − E0
E0th

(
1 − 2

ξ

) , (34)

where the constant σ is determined by the wavelength and mode numbers. The position
D̃0 of the maximum is independent of the values of the constant component ξ and the
amplitude v .
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Figure . The primarymaximum Imax(•1) of the signaln –mode,which passes through theNLC layer (a) and
reflects from it (b), and corresponding values of D/L – ratio (◦2) as functions of integer s. E0/ E0th = 1.015,
ξ = 60, v = 0.1. (a) n = 5, l = 7; (b) n = l = 10.

At points

D̃m ≈ s

{
s

D̃0
(
1 + m

2s

) + D̃0

π 2m
τ 2
[
D̃0

(
1 + m

2s

)]}−1

(35)

for m = ±2k, the dependence I(D/L) has local minima that equal zero, and for m =
±(2k + 1)—local maxima

Im = I
(
D̃m

)
=

τ 2
(
D̃m

)
τ 2
(
D̃m

)
+ π 2s2(1/D̃0 − 1/D̃m)

2 , (36)

where k = 1, 2, 3, . . .. As the number s grows and the amplitude v decreases, the position
D̃m (35) of local extremes of I(D/L) dependence are shifted towards greater values of D/L.

The primary maximum Imax of the function I(D/L) is attained at one of the points D̃0 or
D̃+3 with a greater value of intensity, Imax = max { I0, I+3}.

The values of the primarymaximum Imax and the respectiveD/L-ratio calculated as a func-
tion of the integer s are given in Fig. 7(a) for fixed values of electric field and anchoring energy
parameters ξ and v . The calculations were performed for themodes n = 5 and l = 7, which
are the best to meet the phase-matching condition (26), and L = 10 μm, ξ = 60, v = 0.1.
Dielectric constants were taken for 5CB at the wavelength λ = 632.8 nm (ωL/c = 100). The
position andmagnitude of the primarymaximum Imax of I(D/L) vary nonmonotonously with
the increase both in integer s and the amplitude v .

For all the values of the amplitude v the signal-mode intensity I has local extremes in the
magnitude of E0/E0th-ratio at points

Ẽm ≈ 1 + 2
(
1
ξ

+ s2L2

D2

) √
π2m2L2
4D2 − π 2s2

(
1
D̃0

− L
D

)2
√

π2m2L2
4D2 − π 2s2

(
1
D̃0

− L
D

)2
+ σεaωLv

γ cξ

. (37)
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In particular, form = 2k the minima are equal to zero, and form = 2k + 1 the maxima
are equal to

I
(
Ẽm

)
= 1 − 4s2

m2D̃2
0

(
D
L

− D̃0

)2

, (38)

where k = 1, 2, 3, . . ..
The dependence of signal-mode intensity I on external electric field E0 has appeared to be

analogous to that for dielectric waveguide (see Fig. 5a).

Modes reflection in the waveguide

Nowwe analyse the reflection of aTE-modewith index n and a propagation constant k(n) from
the NLC layer. The intensity of n-mode at the waveguide output is given by formula (31). For
all the values of external electric field E0 the reflected mode intensity I depends qualitatively
onD/L analogously to the case of transmitted modes (see Fig. 3a). The primary maximum of
reflected mode intensity Imax is reached when the value of D/L-ratio is

D̃c0 = s

[(
ωL
πc

)2

ε‖ − n2
]−1/2

, (39)

for which the phase-matching condition (26) is met. Themagnitude of Imax is given by expres-
sion (32) for n = l with the function τc(x) = τ (x) (34). The position of the primary maxi-
mum D̃c0 is shifted linearly towards greater values of D/L-ratio with growing s.

At points

D̃cm ≈ s

{
s

D̃c0
(
1 + m

2s

) − D̃c0

π 2m
τ 2
[
D̃c0

(
1 + m

2s

)]}−1

, (40)

where function τ (x) is given by formula (34), I(D/L) dependence has local extremes, in par-
ticular, zero minima, form = ±2k, and secondary maxima that equal

Icm =
⎡
⎣ D̃c0D̃cmτ

(
D̃cm

)
πs
(
D̃cm − D̃c0

)
⎤
⎦

2

, (41)

form = ±(2k + 1), where k = 1, 2, 3, . . ..
The values of the primary maximum Imax (32) of the reflected mode and corresponding

D/L-ratio (39) that were calculated as a function of the integer s at fixed values of electric field
and anchoring energy parameters are given in Fig. 7(b). The calculations were performed for
the modes n = l = 10. Here we take ωL/c = 17.97. The primary maximum of inten-
sity Imax monotonously increases with growing number s until the maximum value Imax = 1
is reached for the values of s >∼ 20 (almost two orders of magnitude smaller than those for
dielectric waveguide).

In contrast to the case of parallel modes, as the external electric field E0 grows, the reflected
mode intensity I increases monotonously from 0 to 1 for all the values of the amplitude v .
In general, the intensity dependence I(E0/E0th) is qualitatively analogous to that presented
in Fig. 5(b) for dielectric waveguide. The dependence of the frequency interval of a TE-mode
reflection on an electric fieldE0 is qualitatively analogous to the case with the dielectric waveg-
uide as well.
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Discussion

Controlled by an external low-frequency electric field, the energy exchange between two cou-
ple modes of an electromagnetic TE-wave at the spatially periodic director grating in the pla-
nar NLC waveguide has been theoretically investigated. The director grating emerges when
the electric field exceeds the threshold of Freedericksz transition due to the periodicity of the
anchoring energy of NLC with waveguide surface. The transmission and reflection of TE-
modes in both dielectric and metal waveguides have been studied. The intensity of a signal
TE-mode at the output of the waveguide has been calculated and its dependence on the length
D and the thickness L of the nematic layer, the magnitude of an external electric field E0, the
anchoring energy modulation amplitude v and the integer number s of periods of anchoring
energymodulation per the length of theNLC layer has been investigated. The fact that the pri-
marymaximum Imax, as function of the lengthD of the nematic layer, increasesmonotonously
with growing electric field E0 has been established.

The primary maximum of reflected mode intensity Imax in both types of waveguides was
obtained by selecting an appropriate D/L- ratio, integer number s, number and frequency of
the TE-mode to satisfy the phase-matching condition (26) best. With increase of the num-
ber s and the amplitude v the primary maximum Imax (32) of the dependence I(D) grows
monotonously for both types of waveguides. Themaximum value Imax = 1 for the given elec-
tric field E0 is obtained at s >∼ 20 in the metal waveguide (Fig. 7b) and at s >∼ 1500 in the dielec-
tric one (Fig. 4b). The increasing of an electric field E0 results in expanding of frequency
interval of a TE-mode reflection in the waveguides. The intensity I of the reflected mode
monotonously grows from 0 to 1 with the increasing of an electric field E0 in both types of
waveguide.

The magnitude of the primary maximum of transmitted signal-mode intensity Imax

depends on NLC layer parameters in a more complicated way. For dielectric waveguide the
primary maximum Imax of signal-mode intensity I as a function of NLC layer length D is
attained at those D/L-ratios that satisfy phase-matching condition (26), while in metal one
it is found at one of the points, D̃0 (33) or D̃3 (35), for which the value of intensity is greater.
For both of the waveguides the primary maximum Imax of I(D) varies nonmonotonously in
the range from 0 to 1 with the increase of the number s. The energy is transmitted to the
signal-mode completely only at certain values of D/L-ratio and s number (Figs. 4a and 7a).
At higher amplitudes v the value of the primary maximum Imax of I(D) varies monotonously
in the dielectric waveguide and non-monotonously in the metal one. The magnitude of D/L-
ratio corresponding to the value of Imax proves to depend linearly on s number in the dielectric
waveguide while in the metal one this dependence is slightly non-monotonous. The depen-
dence of signal-mode intensity I on external electric field E0 oscillates with growing ampli-
tude. In the metal waveguide the maximum value of signal-mode intensity I = 1 is reached
at lower E0/E0th-ratios than in the dielectric waveguide.

The results of the investigation could be used for development and construction of new
integrated optical devices. Notice that fact, that the waveguide we have considered, could be
used as controllable by an electric field mode-selector for the TE-modes with transmittable
frequencies. Thus, one of the TE-modesmay subside at the output of the waveguide as a result
of a complete conveying its energy to another one. Owing to the completeTE-mode reflection
for the certain frequency interval, our waveguide could be considered as a controllable by an
electric field optical filter. The intensity of the signal-mode at the output of the NLC layer and
the width of the frequency interval of aTE-mode reflection could be controlled due to varying
the amplitude of the spatially periodic refractive index of NLC by an external electric field.
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Particularly, the dependences of the primary maximum Imax and corresponding ratio D/L on
the integer values of s, which are shown in Figs. 4 and 7, for the given electric field and the
anchoring energy parameters, allow to select the NLC layer parameters we need.
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